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The depth of penetration of periodic-field magnetoquasistatic sensors depends on two factors: the skin depth into the material under
test and the spatial wavelength of the imposed periodic magnetic field. In applications where high depth of penetration is desirable, the
second factor may result in the need for sensors with impractically large dimensions. We describe a way to overcome this problem by
generating a field whose effective spatial wavelength is on the order of the sensor length. The magnetic field is shaped by a distributed
primary winding that consists of multiple winding segments, with the total current amplitude in each segment following a sinusoidal
envelope function. The effective spatial wavelength of the imposed magnetic field may be changed dynamically by changing the excitation
current pattern in the primary windings. From a modeling perspective, an advantage of this kind of magnetic field excitation is that the
drive current distribution is known from the beginning, since the width of the individual windings is small compared to the wavelength
and may be approximated as being infinitely narrow. This greatly simplifies numerical computation, since it makes it possible to apply
fast discrete Fourier transform methods directly. We discuss first sensors with Cartesian geometry. We then discuss cylindrical geometry
sensors whose models use fast Hankel transforms.

Index Terms—Eddy current, fast Fourier transform (FFT), Hankel transform, magnetometer, shaped field.

I. INTRODUCTION

THE shaped-field magnetoquasistatic sensors belong to the
family of magnetometers that use spatially periodic mag-

netic fields. The best known representative in this group is the
Meandering Winding Magnetometer (MWM). It was conceived
at the MIT Laboratory for Electromagnetic and Electronic Sys-
tems by Prof. James R. Melcher as the magnetic analog of the
interdigital electrode dielectrometer. It is suitable for measure-
ments of conductivity, complex permeability, and thickness for
single- and multiple-layered magnetic and/or conducting media.
The sensor was further developed at JENTEK Sensors, Inc. and
has been successfully applied to a variety of practical applica-
tions [1]–[5]. The MWM may be thought of as an eddy-cur-
rent sensor with periodic geometry. Analyses and modeling of
standard eddy-current sensors have been carried out by others
[6]–[8].

Fig. 1 shows a schematic of the MWM. It consists of a pri-
mary winding and one or more secondary windings laid out in a
periodic pattern on an insulating flexible substrate. The imposed
spatial periodicity of the current excitation results in a periodic
magnetic vector potential. In the absence of conducting mate-
rials, the vector potential and the magnetic field intensity sat-
isfy Laplace’s equation and decay away from the sensor surface
with a characteristic length proportional to the imposed spatial
wavelength. In most cases, however, the material under study is
metal, which means that the governing equation is the magnetic
diffusion equation. The characteristic decay rate in this case is
a function of both the imposed spatial wavelength and the skin
depth of the material, with the smaller one dominating.

The term “spatial wavelength” in this context refers to the
spatial period of the sensor’s periodic structure and associated
electromagnetic quantities. It does not refer to radiating waves.
We use the term “effective spatial wavelength” in cases where
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Fig. 1. Layout of a typical MWM. This is an example of a periodic field
magnetic sensor with period� that does not use a shaped-field current drive. The
primary winding (wider trace) is driven with a current I . It generates a spatially
periodic magnetic field H, shown for three meanders for z > 0. The secondary
windings (narrower trace) link some of this flux, and the voltages induced at their
terminals are V and V . The two secondary windings are usually connected
in series (V = V + V ) or in parallel (V = V = V ). The sensor’s
complex transimpedance, defined as Z = V =I , is directly linked to the
properties of the material under test.

there is no actual periodicity, but the depth of sensitivity of the
magnetic fields is comparable to that of a periodic sensor with
the given wavelength. This definition has been used since the
concept of interdigital dielectrometry sensors originated, and we
choose to continue using this terminology.

The spatial periodicity of the MWM makes it convenient for
modeling via semianalytical methods that use collocation point
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Fig. 2. Geometry and current drive of the sensor. The current drive is
implemented as a sequence of conductors oriented in the y-direction, each
carrying a current with magnitude determined by a sinusoidal envelope
function. Each conductor is assumed to be infinitely thin, so that the surface
current density K consists of a series of spatial impulse functions, with peak
magnitude I at x = �L=4. The structure is assumed to repeat periodically to
infinity in the positive and negative x-direction, and to be of infinite extent in
the y-direction. The material below the electrodes is air, and above is a metallic
material of a given conductivity � and magnetic permeability �, extending to
infinity in the positive z-direction.

a magnetic field with a fundamental spatial wavelength much
greater than the distance between neighboring windings, the nu-
merical techniques used to calculate the sensor response are fun-
damentally different from the standard MWM. If the assumption
is made that the width of the conductor elements is small with
respect to the other relevant length parameters, it becomes pos-
sible to analyze each Fourier mode independently, which sig-
nificantly simplifies the computations and eliminates the need
for iterative techniques or for solving large sets of simultaneous
equations. This is a consequence of the fact that with this as-
sumption the current excitation in each winding segment is in-
dependent of the resulting magnetic fields, and the constituent
Fourier modes are decoupled from each other. This makes it pos-
sible to use fast Fourier transforms and related methods to arrive
at the magnetic field distribution.

Three types of sensors are modeled in this paper.
• Infinite width periodic sensor with a shaped field current

drive. This is the simplest case to consider.
• Finite width sensor. The finite width of the sensor must be

included in the model.
• Circularly symmetric sensor with a shaped field current

drive, modeled via Fourier–Bessel series.

II. COMPARISON BETWEEN SHAPED FIELD

AND A SINGLE-TURN COIL DRIVE

In the simplest case the magnetometer’s distributed current
drive consists of several windings, where the total current in
each winding follows a sinusoidal envelope function, as shown
in Fig. 2. In practice this is achieved by varying the number of
turns in each winding, as will be discussed in more detail in
Section III-E. For now we assume that we have independent
control over the current magnitude in each segment, and it is
determined by the sinusoidal envelope function in Fig. 2.

It is also possible to excite a spatial mode of the same fun-
damental wavelength by using a single current loop of similar

Fig. 3. Comparison between shaped field and concentrated current drives:
(a) two possible current profiles exciting a fundamental spatial mode of similar
wavelength; and (b) corresponding spatial Fourier sine transform, defined in
(9).

dimensions. Such single-loop implementation would be much
simpler than the proposed shaped field current drive. Fig. 3 il-
lustrates why the shaped field drive configuration is to be pre-
ferred, by comparing the spatial spectra of the two alternative
current excitation schemes for a single-period sensor.

The applied surface current distribution for both cases is
shown in Fig. 3(a). The discrete nature of the sinusoidal current
drive is ignored for the sake of this discussion. Fig. 3(b) shows
the corresponding spatial spectra.

In the case of the sinusoidal drive, the magnitude of the
spatial Fourier transform falls off quickly for wavenumbers
greater than the dominant mode, while the Fourier spectrum
of the single loop shows substantial energy at wavenumbers
much greater than the fundamental. In practice this means that
in the former case the energy is concentrated in the modes
that penetrate furthest into the material, which is the desirable
characteristic of shaped field current drive designs, while in the
latter case the sensitivity to material properties away from the
surface is reduced.

III. CARTESIAN GEOMETRY SHAPED FIELD SENSOR

A. Modeling

The analysis will be carried out with the assumption of sinu-
soidal steady state, where all time dependent quantities can be
written in the following form:

(1)

and differentiation with respect to time is equivalent to multi-
plication by . In the magnetoquasistatic regime, the following
diffusion equation for the magnetic field inside stationary con-
ducting materials of constant magnetic permeability and con-
ductivity can be derived:

(2)

For the purpose of this analysis, it is more convenient to find
solutions to the magnetic vector potential , which satisfies

(3)

The differential equation that must be satisfied by is of the
same form as (2)

(4)

where we choose the gauge condition . When all cur-
rent sources point in the same direction, the -direction in this
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case, then the vector potential also points in this direction. The
set of two-dimensional solutions to (4) appropriate for carrying
out the analysis are given by

(5)

where the complex wavenumber , which depends on the
wavenumber , is defined as

(6)

or equivalently

(7)

where is the skin depth in the material.
In the absence of material motion and with an appropriate

choice for the point at the zero-current position shown in
Fig. 2, symmetry considerations eliminate the cosine term in (5).

B. Closed Form Solutions for the Magnetic Field

In this section a simple case is considered, with only one in-
finitely thick layer above the windings, and air, or some other
nonconducting nonmagnetizable material, below, as shown in
Fig. 2. If the drive winding pattern is repeated infinitely many
times in the -direction, i.e., sufficiently many on either side of
the point of interest so as to appear to the local field as being
of infinite extent in the -direction, then the drive current and
vector potential may be represented by a Fourier series, with
each mode decoupled from the rest.

From (5), we know that we can solve for the vector potential
for a spatial sinusoidal current drive. In order to express the drive
current profile as a sum of sinusoidal modes, we can use the
Fourier transform, defined as

(8)

In many cases it is more convenient to work with the Fourier
sine transform, defined as

(9)

where the assumption is made that both and are odd
functions. The sine transform in (9) of an odd function is
related to its exponential Fourier transform in (8) as

(10)

The sine Fourier transform is more useful than the exponen-
tial transform because it represents the current distribution as
a summation of impulse functions in reciprocal “sine” space,
and therefore directly gives the coefficient of every constituent
sinusoidal mode.

Fig. 4. Sine transform of the current distribution of the sensor, with each pair
of impulses centered at k=2� = n=h, where n = 0; 1; . . .. It is plotted only
for positive values of k, because all sine transforms are odd functions.

Equation (5) with is used to find the solutions of the
magnetic diffusion equation for the vector potential for a given
wavenumber , with surface current density . With
the material structure in Fig. 2, the boundary conditions at the
surface require that

(11)

which are used to find the magnetic vector potential for this
Fourier mode. Summing up all modes via the inverse sine trans-
form in (9) yields

(12)

where is the sine transform of the surface current density
. As shown in Fig. 2, the latter can be written as

(13)

where is the spatial period, is the separation between adja-
cent windings, is the impulse (delta) function at ,
and is a magnitude coefficient with the dimensions of cur-
rent. Fig. 2, as well as all other figures, show as
the winding spacing. In order to use discrete Fourier transform
(DFT) methods most efficiently, it is advantageous to design
magnetometers with integer values of , preferably a power
of two.

The Fourier sine transform of (13) is

(14)

and is shown in Fig. 4.
To calculate the magnetic vector potential, (14) must be sub-

stituted into (12), and the result must be summed over for
all spatial Fourier modes, where . In gen-
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Fig. 5. Numerically calculated magnetic field lines for one period of the
periodic sensor of Fig. 2 when the material above it is metal with skin depth
� = 0:1L and � = � .

Fig. 6. Current envelope function for a sensor of finite width (a), and its
corresponding sine transform (b). Two cases are shown, for the sensor width
W equal to the wavelength L (thick lines), and for W = 1:210L, making the
effective sensor wavelength equal to the sinusoid wavelength (thin lines).

eral, the summation must be carried out numerically. The nu-
merical analysis can be done with the help of fast Fourier trans-
form (FFT) methods, via (8) and (10).

A contour plot of the vector potential yields the magnetic field
lines, since they correspond to lines of constant vector potential.
Fig. 5 shows such a plot computed via this method for the con-
figuration shown in Fig. 2.

C. Sensor of Finite Width

Because practical sensors are not infinitely wide, one must
include the finite size as part of the analysis. In this case the
sine transform of the surface current density no longer con-
sists of a series of impulse functions, as in Fig. 4. The spec-
trum of the magnetic field distribution in this case is continuous.
The discrete Fourier transform methods therefore require a finer
discretization of the spectrum. By virtue of the discreteness of
the numerical transform methods, the functions represented by
DFTs in both domains are always periodic, but this periodicity
may be ignored if the period is much larger than the overall
width of the sensor. The spacing between samples in reciprocal
space in this case is determined as the inverse of the minimum
distance by which two sensors need to be physically separated
in order to influence each other only negligibly, which is usu-
ally much greater than the width of the sensor. This stands in
contrast to the periodic case considered in the previous section,
where the sample distance in reciprocal space is the inverse of
the fundamental sensor wavelength.

Fig. 7. Sine transform of the current excitation generated by discrete current
elements of finite width. Compare to the spectrum in Fig. 4.

The approach remains largely the same as before, with the
exception of the calculation of the excitation spectrum, which
now must consider the finite size of the sensor.

In practice, it is easier to carry out the discretization of the
current excitation after the sine transform of the truncated si-
nusoid is calculated. The nondiscretized single-period surface
current density is

(15)

where is a magnitude coefficient with the dimension of sur-
face current density, as shown in Fig. 6. Its spectrum is given by

(16)
The current envelope function for the sensor of finite width, for
the case when , and its sine transform, given by (16),
are shown in Fig. 6 with thick lines. It can be seen in the figure
that the peak wavenumber (calculated numerically), which is a
measure of the effective fundamental wavelength, is not ,
as it was in the case of the periodic sensor. In order to make this
effective wavelength equal to the wavelength of the current
envelope, the width would have to be increased to 1.210
(a numerically calculated result). The result would be an enve-
lope function that includes the tail of a second period on either
side, as shown in Fig. 6 with thin lines. This is undesirable, be-
cause if the sensor ends do not coincide with zeros in the current
excitation, the resulting sharp transition at the ends contributes
to more energy in the higher wavenumber modes, which have
shallower penetration depths. This is clearly visible in Fig. 6(b).
This is the reason why is the optimal choice. On the
other hand, extending the current excitation past the end of the
period may be necessary for eliminating the net dipole moment,
as discussed in Section III-E.

The sine transform of the discretized current excitation of the
finite width sensor is shown in Fig. 7. The same winding struc-
ture as the periodic sensor is used, with winding segments at

. The spectrum is obtained via a convolution
of the spectrum in Fig. 6(b) with an impulse train with impulse
functions at . It is informative to compare the spec-
trum in Fig. 7 to that in Fig. 4. One can see that the effect of
limiting the sensor to only one wavelength is to smear out the
peaks in the spectrum, and as a consequence the magnetic field
can no longer be represented as a superposition of individual si-
nusoidal modes.

The magnetic field lines calculated via FFT methods for the
finite-width sensor are shown in Fig. 8, with the same materials
and current excitation as in Fig. 5 for , but with no
current elements for (see Fig. 2). By comparing these
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Fig. 8. Numerically calculated magnetic field of the finite-width sensor with a
single wavelength of current over a length L, when the material above it is metal
with skin depth � = 0:1L and � = � .

Fig. 9. Material structure that consists of more than one homogeneous layer.
The topmost layer is assumed to extend to infinity. An air layer that models the
sensor lift-off t is included between the sensor and the material under test.

two figures, the observation may be made that they differ little
near the origin, where the sensing elements are positioned, but
there is a substantial difference toward the ends of the sensor.

D. Multiple Homogeneous Layers and Surface
Reluctance Density

So far our examples have considered only cases where the
material on either side of the sensor was uniform, homogeneous,
and infinite in extent in the direction. The models may be
extended to apply to material structures that consist of more
than one homogeneous layer. Fig. 9 shows a diagram of such
a layered material structure.

All information about the material that affects the sensor re-
sponse can be distilled to the value of the surface inductance
density, evaluated in the plane of the windings as a function of
wavenumber . In reciprocal “sine” space it is defined as

(17)

where and are the sine transforms of the magnetic field
intensity and vector potential.

The thickness of the top layer in Fig. 9 is treated as infinite,
which means that it is many times larger than the real part of the
characteristic decay rate in that material, so that the proper-
ties at the upper surface have no effect on the sensor response.
In practice there is usually a layer of air, or another nonmag-
netic insulating material, between the sensor and the material.

Fig. 10. Relating the surface reluctance density at the two interfaces of a
generic layer with thickness t, conductivity �, and permeability �.

This layer of thickness must be included in the model, and its
thickness is known as the measurement “lift-off.”

The structure in Fig. 9 may represent a metal coating on a
metal substrate, which is a very common situation [1]. Layer
number 1 represents the substrate, layer 3 is the coating, and
layer 2 is used to model an inter-diffusion zone, whose prop-
erties are often quite different from either the coating or the
substrate.

We would like to compute the surface reluctance density
for this structure. Consider a layer of thickness , as shown in
Fig. 10. at the bottom interface can be related to its
value at the top interface, via

(18)

where the value of the complex wavenumber depends on
the material’s conductivity and permeability via (6), [11],
[12].

To calculate at the bottom interface of the infinitely
thick top layer (number 1), we take the limit of (18) for ,
resulting in

(19)

It is possible to calculate in the plane of the
sensor windings by starting with the infinite half-space layer that
is farthest from the windings, using (19), and then sequentially
applying (18) across each layer until the winding surface at

is reached.
In the winding plane, the jump in the tangential compo-

nent of the magnetic field is equal to the surface current density
in the plane of the windings, so that

(20)

where

(21)

and is the sine transform of the surface current density.
The surface reluctance density is the only quantity that changes
when the same magnetometer is used with different material
structures.

In terms of , (12) becomes

(22)
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For the material in Fig. 2, for , with conductivity
and permeability , (19) yields . For

, where and ,
where the negative sign comes from the fact that for the
top and bottom interfaces in (18) are reversed, changing the sign
of , and for the infinitely thick layer the limit is taken.
Thus, in this case , confirming that
(12) is a special case of (22).

E. Eliminating the Net Dipole Moment

The finite width sensor has a net dipole moment in the sense
that at distances much larger than the sensor size the magnetic
field approaches the form of a field generated by a magnetic
dipole. It can easily be seen that the net dipole moment of the
sensor analyzed in the last section is not zero, because each pair
of windings, comprising a current segment on either side of the
center, together with the return current path, forms a current loop
of nonzero area, and the effective magnetic moments of all these
loops point in the same direction.

Close to the sensor windings, at typical measurement dis-
tances, the magnetic field is described well by the model de-
scribed so far. Far from the sensor some of the model’s assump-
tions start to break down. However, the reason for addressing
the net dipole moment is not to improve the results of the model,
because these unmodeled effects in general do not affect the ac-
curacy of a measurement, given that all practical measurement
procedures include a calibration step, designed to compensate
for such imperfections of the model, which do not change with
time or experimental conditions.

The reason why having a net dipole moment is undesirable
is due to the rate at which the sensor loses sensitivity with dis-
tance. Near its surface the magnetic field decays essentially ex-
ponentially, at a rate determined by its spatial wavelength and
the skin depth in the medium, given in (6). Far from the sensor
the fields fall off at a rate determined by the lowest order mag-
netic moment excited by the sensor. Unless this is a high order
moment, where the sensor loses sensitivity quickly with dis-
tance, its response would be slightly affected by the presence
of magnetizable and/or conducting objects in its vicinity, even
if they are much farther than the material under test. Whereas
this effect may be small, even compared to other unmodeled ef-
fects, the problem is that it can change with time, as objects near
the sensor are moved, or when the sensor is moved to inspect a
new location. This means that it cannot be eliminated via cali-
bration, ultimately leading to lack of reproducibility.

Sometimes very small changes in the material properties must
be measured, e.g., conductivity variations related to shot peen
intensity or cold work quality [2], [3]. In cases like that, the
accuracy of the measurement may be substantially degraded by
the presence of a net dipole moment.

Until now the analysis was carried out in two dimensions,
because close to the surface of the sensor the assumption of

-independence is justified. In contrast, in this section we are
interested in the far-field model of the sensor, i.e., at distances
much greater than the sensor dimensions. Therefore, it is most
appropriate to use a three-dimensional model in spherical coor-
dinates, most conveniently formulated with the use of the mag-
netic scalar potential .

In regions with no current , which means that
in spherical coordinates can be defined everywhere except at

Fig. 11. Equipotential surfaces, 	(r; �; ') = 	 , of the magnetic scalar
potential for multipole moments with no '-dependence. These three cases
correspond to the spherical harmonic functions (a) Y , (b) Y , and (c) Y ,
respectively. If the dipole (` = 1) moment is zero, then the lowest order
moment remaining for the magnetometer is ` = 3, since the ` = 2 moment is
not allowed, due to its symmetry.

via . The magnetic scalar potential must obey
Laplace’s equation, , because the divergence of the
magnetic flux density is zero. The relevant solutions in spherical
coordinates are

(23)

where is a scaling constant and are the spherical
harmonic functions, defined as

(24)

where are the associated Legendre functions.
For magnetic fields the lowest order possible is the dipole

moment, whose scalar magnetic potential decays as
. Fig. 11 shows the equipotential surfaces of the scalar mag-

netic potential for the three lowest order rotationally symmetric
magnetic moments. The requirement for rotational symmetry
is due to the fact that the sensor windings are confined to the

– plane, and applies both to the rectangular sensor and to the
circular sensor, discussed in the next section. Of the spherical
harmonic functions , only those with have this sym-
metry, i.e., are independent of . Symmetry considerations re-
quire the potential to be an odd function of , (flip-
ping the sensor upside down reverses the current direction in
all windings, changing the sense of all magnetic fields), which
eliminates the quadrupole and all other higher order
magnetic moments with even .

If the dipole moment is eliminated, the next dominant mode
is the moment. The potential of this mode has a
dependence, which means that the magnetic field intensity falls
off as . In practice this is fast enough, so that canceling out
the dipole moment is all that is required to eliminate unwanted
long-range sensitivity.

Going back to the shaped current drive, instead of driving
each current segment of the sensor independently, it is much
easier to set the correct current profile by varying the number of
windings in each segment, and driving all windings, connected
in series, with current . As a consequence, the relative values
of all current segments must be ratios of integer numbers. Since
the sensor length is constant, the dipole moment of each loop
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made up of windings at is proportional to the number
of windings and to

(25)

where is the sensor length in the -direction. This means that
in order to cancel out the net dipole moment, these individual
contributions must sum up to zero

(26)

where is the total number of current segments in one half of
the sensor, and is taken to be negative when the current re-
verses direction, i.e., for windings wound in the opposite (clock-
wise) direction.

To satisfy (26), the sensor must include a fraction of a wave-
length past the end of the single period, where the current flow
is in the opposite direction (see Fig. 2). Since both and
are integers, it is impossible to satisfy (26) exactly while at the
same time strictly following the sinusoidal envelope function.
A compromise is shown in Fig. 12, which lists a winding pat-
tern resulting in no net dipole moment. Another consideration
in choosing the numbers in this figure is to taper off the current
toward the ends of the sensor, in order to avoid rapid changes
in the primary current at the edges, which would result in more
energy in higher order Fourier modes.

IV. ROTATIONALLY SYMMETRIC SHAPED FIELD SENSOR

Rotationally symmetric sensors have several advantages. In
the case of the Cartesian geometry sensors it is necessary to as-
sume that: 1) the extent of the sensor is infinite in the -direction,
and all physical quantities are independent of and (2) for the
periodic sensor all physical quantities extend to infinity in the

-direction. In many cases it is difficult to justify the first as-
sumption, unless the sensors are really long in the -direction.

The circular geometry completely eliminates the edge
effect, because the counterpart of in cylindrical coordinates
for this geometry is , i.e., there is no edge. A further pos-
sible advantage of the rotationally symmetric sensors is their
insensitivity to anisotropy of the material. Anisotropy plays
a particularly important role in many measurements where a
metal’s conductivity may be anisotropic, due to processing,
such as rolling or directional solidification. Furthermore, in
ferromagnetic metals the magnetic permeability can manifest
strong anisotropy due to residual or applied stress. Whereas
there are many cases when it is useful to measure this anisotropy
[2], [4], at other times it may be preferable to measure the di-
rectional average of a property. For example, when comparing
two parts, the lack of sensitivity to direction eliminates the
need for precise alignment of the sensor to the anisotropy axis.
Finally, certain structures, such as holes and fasteners, are by
nature rotationally symmetric. Dielectric versions of circularly
symmetric sensors have been designed and analyzed [13].

When designing distributed current drive sensors, the reasons
for preferring a circular geometry are even more compelling.
Since the sensor width is the same as, or similar to, the spa-
tial wavelength, the edge effects due to the finite length in the

Fig. 12. Number of winding turns w for the finite sensor with no net dipole
moment. Negative number of turns means that the winding is wound in the
opposite direction (clockwise), i.e., the current reverses direction. Only the
number of turns for x 0 are listed, because the sensor is symmetric. The
sinusoidal envelope function is shown with a dashed line. The number of turns
do not fall exactly on the curve, since they need to be integers. The windings
extend past the end of the period to j = 12 in order to cancel out the net
dipole moment. The number of turns in the last two windings on either side are
tapered off in order to avoid rapid changes in the primary current distribution,
which would result in more energy in higher order Fourier modes.

Fig. 13. Structure of the circular magnetometer with distributed current drive.
There is a set of concentric grooves, equally spaced h apart, to hold the primary
windings. The number of turns in each winding follows a first-order Bessel
function envelope, according to Fig. 14. There is no groove at r = L, since
this point corresponds to a zero in the current envelope function.

-direction are much more pronounced. Even worse, the total
amount of current that flows in the return path is equal to the total
of all windings, making it several times higher than the winding
with the highest current. To make the edge effects negligible,
it would be necessary to make the sensor width in the -direc-
tion perhaps a factor of ten larger than its length, defeating the
purpose of having a distributed drive in the first place, which
is to create a relatively large spatial wavelength excitation with
a small sensor footprint. Employing a circular geometry alto-
gether eliminates the unmodeled edge effects.

A circularly symmetric sensor with distributed primary cur-
rent drive is shown in Fig. 13.

A. Sensor Modeling

Because of the winding layout, the current flows only in the
-direction, and all physical quantities are independent of the

angular coordinate . The magnetic vector potential must there-
fore be of the following form:

(27)
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Fig. 14. Winding pattern for the circular magnetometer for two different
fundamental wavelengths, where the total current in each winding segment
follows two different envelope functions. The filled circles correspond to long
wavelength operation, and the hollow circles correspond to short wavelength
operation.

The magnetic diffusion equation (4) requires that the function
be a solution to the following partial differential

equation:

(28)

A useful solution to (28) is

(29)

where is the Bessel function of the first kind of order one and
is defined in (6). The Bessel function of the second kind

, which also satisfies the radial part of (28), is not suitable,
because it has a singularity at , where must remain
finite.

For the Cartesian geometry sensors the current drive follows a
sinusoidal envelope function, in order to minimize the excitation
of any spatial Fourier modes except the fundamental, which has
the highest penetration depth. Similarly, for the circular magne-
tometer the current drive is chosen to follow a Bessel function
envelope, , where is the first zero of ,
at , this being one half quasiperiod of the Fourier–Bessel
mode with the highest penetration depth.

In the practical implementation of the sensor, the shape of
the current density is achieved by adjusting the number of turns
in each segment of the winding to approximate the ideal enve-
lope function. More than one independent winding circuit can
be wound on the same substrate in Fig. 13. This makes it pos-
sible to create a magnetic field with a different effective spatial
wavelength, if the number of turns follow a different envelope
function, e.g., , where is the second zero
of . Since the depth of penetration of the sensor depends on
the imposed spatial wavelength, the use of more than one excita-
tion wavelength will provide some information on how material
properties change with depth.

Since the total effective current in each segment is an integer
multiple of the driving current, the envelope functions can be
followed only approximately. The approximation can be made
arbitrarily close by increasing the number of turns, but from a
practical perspective a compromise must be made between the
coarseness of the quantization and the increasing inductance and
parasitic capacitance of the primary winding, as the total number

of turns increases. The winding turns in Fig. 14 are the result
of such a compromise. The figure plots the actual number of
turns and the corresponding ideal envelope function for the two
different winding patterns.

As with the rectangular sensor, windings are present for
in order to allow for net dipole moment cancellation. Unlike

the rectangular sensor, whose windings have a fixed length, here
the dipole moment of each winding is proportional to the square
of the radius

(30)

This changes the requirement for dipole cancellation (26) to

(31)

Both winding patterns in Fig. 14 have no net dipole moment.

B. Use of Fourier–Bessel Series

The form of (29) suggests that , at a given value of , may
conveniently be represented by a Fourier–Bessel series based on

. A function may be represented as an infinite summa-
tion of Bessel functions over an interval as follows:

(32)

where are the positive real zeros of . The trivial zero
does not participate in this series. To find the series coefficients

, the following integral must be evaluated:

(33)

where the coefficients are given by

(34)

The surface current drive of the circular dielectrometer can
be written as a sum of impulse functions as

(35)

where is the radial spacing of the windings and the values of
are given in Fig. 14. It can be expressed as a Fourier–Bessel

Series. The series coefficients of the surface current density are

(36)

where

(37)

and the radius , over which the series is defined, is chosen large
compared to .
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The counterpart of (22), which handles multiple homoge-
neous layers, in cylindrical coordinates is

(38)

Substituting (36) into (38) and taking the curl yields the fol-
lowing result for the magnetic flux density at the origin:

(39)

Equations (36) and (38), with the help of (19), are used to cal-
culate the magnetic field lines of the sensor in this section for
a material above the sensor with conductivity and magnetic
permeability and free space with and magnetic perme-
ability below the sensor, in analogy to the results shown in
Fig. 8. The results are shown in Fig. 15.

V. FAST HANKEL TRANSFORM

Methods similar to the FFT methods may be used to model
sensors with rotational symmetry. The magnetic vector potential
in this case is represented as a Fourier–Bessel series, applied
over the interval , where the radius is chosen to be
large compared to the relevant length scale.

Calculating the Bessel series coefficients and then summing
over the spatial modes, as was done in the previous section, can
be a very computationally intensive task. The Cartesian geom-
etry case takes advantage of the FFT methods, which unfortu-
nately have no direct analog for Bessel Series.

The continuous Fourier–Bessel transform is better known as
the Hankel transform. A method of Hankel transform evaluation
using FFT methods is described in [14]. There the Hankel trans-
form is carried out in two FFT steps. The Hankel transform has
also been found to be useful in the analysis of magnetic and op-
tical data storage systems [15]. This section presents an imple-
mentation of this fast Hankel transform (FHT), as an alternative
to the direct summation method of the previous section.

A. Definition and Derivation

The Hankel transform can be based on Bessel functions of any
order. Here the relevant transform is based on . It is defined
as follows:

(40)

The Hankel transform is its own inverse. If the following sub-
stitutions are made:

(41)

Fig. 15. Numerically calculated magnetic field of the circular magnetometer
when the material above it is metal with � = � and skin depth � = 0:2L,
where L is the radius where the first-order Bessel function has its first zero.

then (40) transforms to the following correlation integral:

(42)

where the kernel is defined as

(43)

After taking the Fourier transform of both sides of (42), the
following relationship is derived:

(44)

where the substitution was used.
It is thus possible to compute the Hankel transform by ap-

plying the Fourier transform twice, once forward and once in-
verse, assuming that has already been computed. It is im-
portant to realize that the Fourier transform of the kernel does
not depend on the original function , and therefore needs
to be computed only once for multiple Hankel transform eval-
uations. This step is also the only one that involves evaluating
Bessel functions. These features of the fast Hankel transform
give it its computational advantage.

B. Discretization

The Fourier transform steps can be carried out using fast
Fourier transform methods, where and assume integer values
between zero and . The necessity for discrete sampling
raises several considerations.
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If the sample points are spaced evenly in the -domain, as
required by the FFT, their distribution in the -domain is expo-
nential. This necessarily results in oversampling for low values
of , if a minimal sampling frequency is to be maintained at the
upper end of the range.

Due to the exponential distribution of the sample points, one
cannot take advantage of the impulse-train structure of the cur-
rent drive, given in (35). As discussed previously for the rectan-
gular sensor, the sample frequency does not need to be higher
than the spatial frequency of the primary windings, which re-
sults in very fast computation. Thus, in this case there is no par-
ticular advantage to the even spacing of the primary windings.

Furthermore, the transition from the continuous representa-
tion, where the surface current density is given as a sum of
impulse functions, to the discrete domain, is no longer accom-
plished simply by using the impulse function magnitudes as the
values at the sample points. Due to the nonuniform spacing of
the sample points, a finite spatial width must be given to each
winding, with many sample points falling inside it, in order to
capture the magnitude of the current in each segment correctly.
For example, in Fig. 16, discussed later in this section, Gaussian
pulses are used to represent the surface current density of the cir-
cular sensor in place of impulse functions. The surface current
density in (35) in this case is changed to

(45)

where is the width of the Gaussian pulse and is given in
Fig. 14.

The use of a discrete Fourier transform representation auto-
matically implies that both the function and its transform are
periodic, with a period equal to the range over which the func-
tions are sampled. It can be inferred from (42) that if and are
defined at points, then points are needed for .
Therefore, in order to calculate the transform correctly, needs
to be first padded by appending additional zeros, and after

is calculated via the FHT, the last points must be ignored,
since they are meaningless and represent aliasing effects.

Given the spatial extent , maximum spatial frequency
, and number of points , chosen to be a power of 2 for

computational efficiency, the parameters , and need to
be determined. The point spacing, at its rarest point,

, as well as the minimum value itself, should be
roughly equal to each other and to the inverse of the highest
“frequency” value in the reciprocal domain. This results in the
following equation for :

(46)

This in turn determines and

(47)

Whether or not the resulting values of and are small
enough to be able to represent the discretized functions with
adequate accuracy depends on the original choice of . It is
also possible to pick and first and let this determine
and , as was done in [14].

Fig. 16. Results of the application of the fast Hankel transform. (a) The
Gaussian pulse train function of (45), used to represent the surface current
density K (r) of the primary winding. (b) The fast Hankel transform (40) of
this function. (c) The original function restored with another application of the
FHT. The FHT parameters used in the plots and related as (46) and (47) are:
N = 1024; � = 0:00515; r = 0:0154; r = 3:00; u = 0:946; u =
184.

C. Application of the Fast Hankel Transform to the Circular
Magnetometer

The first step in applying the FHT to calculate the response
of the circular magnetometer is to verify that the values of
the various FHT parameters are appropriate, to ensure that the
transform represents the sensor with adequate precision, while
keeping the computational burden at a minimum.

Fig. 16(a) is a plot of the surface current density in (45). The
FHT is applied to obtain the transform of the surface current
density, with the result shown in Fig. 16(b). This transform is
similar in structure to the Cartesian geometry spectrum shown in
Fig. 7. Here the magnitude decreases with increasing because
of the nonzero width of the current pulses in the -domain.

Applying the FHT for a second time to the transform restores
the original function. The result is shown in Fig. 16(c). It can be
seen in the figure that the twice-transformed function is a
very close match to , with the exception of the ripples that
result from the finite length of the spectrum [Fig. 16(b)]. The
ripple frequency is dominated by the first nontrivial component
past the truncated end of the spectrum, somewhere near

in this case.
Thus, the correctness of the FHT developed in this section

is confirmed. This method can be applied to generate the same
magnetic field line diagrams as Fig. 15 by using the numerical
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techniques described earlier in this paper, using the FHT in place
of the FFT. The results are not plotted separately, because they
are identical to those in Fig. 15.

VI. SUMMARY

An analysis has been carried out of the unique characteristics
of shaped-field magnetometers with a distributed current drive.
For such sensors it may be assumed that the drive current distri-
bution is known, which makes them suitable for very efficient
discrete Fourier transform methods. To illustrate the power of
such methods, the magnetic field lines have been computed for
the three basic magnetometer geometries considered, shown in
Figs. 5, 8, and 15.

The effort in this paper has focused on addressing consider-
ations of the practical design of a circular magnetometer with
a shaped-field primary winding. The Bessel series approach
is applied to developing a method for modeling this new
magnetometer design. Other important factors have also been
considered, such as the elimination of the net dipole moment for
improved measurement repeatability, and layout of the primary
winding that permits sensor operation at two distinct effective
spatial wavelengths. A methodology has been presented for
extending the highly efficient Cartesian fast Fourier transform
method to the computation of the Fourier–Bessel (Hankel)
transform, required by the cylindrical geometry.
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